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Strain Energy Functions of Rubber. II. The
Characterization of Filled Vulcanizates

A. G. JAMES* and A. GREEN, Dunlop Research Centre, Kingsbury Road,
Erdington, Birmingham, England

Synopsis

In part I it was shown that if the strain energy function

W= 3, Ciy(lh — 3)(T, — 8)7
j=0

was expanded to a sufficient degree and the coefficients C;; were found by regression to pure
‘homogeneous strain data, then stress—strain equations could be derived to give accurate solu-
tions to design problems even at relatively high extensions. The problems of applying this
theory to filled vulcanizates are discussed and a way of obtaining pure homogeneous strain data
for for such materials is suggested. Stress—strain equations fitted to the data are found to be
general within the range of experimental strains and in some cases will extrapolate outside this
range. The equations can be used in design applications where strains are greater than would
be experienced in normal engineering practice.

INTRODUCTION

The purpose of the work described was to find a strain energy function suffi-
ciently general for use in computer oriented iterative design methods. Within
the limitations of a strain energy function, these techniques are capable of solving
problems involving large deformations of complex shapes, where edges or folds
may act as stress raisers giving regions of very high strain. Initially, the range
of these local deformations in a particular problem is indeterminate, and a more
comprehensive strain energy function increases the likelihood of obtaining an
accurate result.

In part I, a way of presenting general homogeneous strain data was suggested
and it was found that where stress—strain equations derived from elasticity theory
were fitted to data to determine their coefficients, the resulting relationships
could be used in design calculations even at strains outside the range of normal
engineering practice. However, these principles were established using a gum
vulcanizate, in which the stresses are independent of the order of application of
the strains. The purpose of the work described in this part was to determine
whether or not these ideas could be extended to cover vulcanizates containing
inorganic fillers, which are of greater practical interest but whose characteriza-
tion is complicated by stress history effect and whose stresses are affected by the
order of application of the strains.

* To whom all communication should be addressed at: 17 Moor Meadow Road, Sutton
Coldfield, Birmingham B 75 6 BU, West Midlands, England.
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Stress-Softening

In any investigation involving the deformation of filled vulcanizates, care must
be taken to allow for the effects of stress softening. To obtain the data of Figure
2 in part I for natural rubber (NR) gum, an arbitrary regime of softening of
biaxial tensile test pieces was adopted; but the softening was found to have little
effect on the data. In filled rubbers, the degree of softening is much greater,
and there are-other effects such as the long recovery time of these materials
which makes this type of data more difficult to obtain. Some consideration has
been given to these effects in order to ascertain the best method of obtaining
pure homogeneous strain (PHS) data most relevant to engineering design.

The nature of stress softening in simple extension is well documented.!—® It
1s known that a test piece stretched for the first time in simple extension will be
stiffer than on subsequent stretches to this extension. This softening continues
for up to ten stretches before an equilibrium is reached, although most of the
softening occurs during the first eycle. The softening is evident only to the
level of extension of the previous prestretch.

Dannenberg? put the effect on a quantitative basis by showing that the amount
of softening (defined as the decrease in work done on the test piece to reach a
fixed deformation on subsequent stretches) depended on the work done on the
test piece during the previous prestretch. Mullins! noted that if dumbbells
were cut from a stretched sheet both in the direction of stress and perpendicular
to this direction, then the softening appeared to be less in the perpendicular
direction than in the direction of stress.

Another effect which has been noticed in stress-softened rubber is the effect
on tear strength. Janssen® stretched rubber sheets and then measured the tear
strength in the direction of prestretch and perpendicular to the direction of pre-
stretch.  After stretches greater than 25097, extension, a permanent effect of
reduced tear strength in the direction of prestretch and increased tear strength
perpendicular to the direction of prestretch was observed. A structuring due
to filler presence and crystallization was postulated to aceount for these effects
which were not as evident in noncrystallizing rubbers.

In the stretching of an unsoftened biaxial tensile test piece, the following effect
is observed. If a deformation of the test piece defined by the principal extension
ratios As, Ae, (Aa, # Am,) caused by principal stresses oa,, op, is immediately
changed to \a, (= Asy), A, (= Aa,), the new stresses oa, op, are not equal
t0 oa, op,. Thus, in order to establish the stress softening procedure, which
would yield the most useful experimental result, some investigation of stress
softening in deformations other than simple extension was carried out.

Stress Softening in General Deformation

Figure 1 is a typical graph showing the progressive softening of a filled vul-
canizate deformed in simple extension. Only extension curves are shown. The
numbers 1 to 5 refer to the 1st to 5th extension stress—strain curves. The test
piece was stretched on an Instron tester first to A, then relaxed; then to B and
relaxed; and so on. Figure 1 shows that the test piece is softened up to the
maximum extension of the previous stretch and then follows what would be the
stress—strain relationship of the virgin vulcanizate. This type of plot was sug-
gested by Mullins and Tobin.? To demonstrate this effect, for example, to ob-
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Fig. 1. Stress softening in simple extension. Abscissa: strain; ordinate: stress (MN/m?).
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Fig. 2. Stress softening in pure shear. Abscissa: strain; ordinate: stress (MN/m?).

tain the experimental data for Figure 1, care must be taken to allow sufficient
recovery time between successive stretches and to redraw the strain datum at
the end of each recovery period. If insufficient recovery time is allowed (i.e.,
not long compared with the experimental time), apparent hardening of the
material is observed at elongations higher than the previous extension. This
was thought to be the result of regridding a test piece which is still recovering,
giving an incorrect gauge for the next extension.

The biaxial tensile tester was used to obtain diagrams analogous to Figure 1
in pure shear (\; = A, Az = 1.0, A\; = 1/)\) and equibiaxial extension (\; = A,
and A3 = 1/A;?). The material used in this investigation was an NR compound
with 50 pphp HAF black. The test pieces were stretched and then relaxed for
at least half an hour before regridding and further stretching to some higher
extension.

Figures 2 and 3 illustrate the data obtained in pure shear; the former shows
the stresses in the direction of extension, and the latter, the stress in the direction
of the constant extension ratio A = 1.0.
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Fig. 3. Stress softening in pure shear. Abscissa: strain; ordinate: stress (MN/m?).
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Fig. 4. Stresssoftening in equibiaxial extension. Abscissa: strain; ordinate: stress (MN/m?).

Figure 4 shows the result of subsequent extensions in equibiaxial extension
(equibiaxial extensions are equivalent to unidirectional compressions).

All three figures show substantially the same picture for shear and compression
as was seen to occur in simple extension. In order to be more quantitative
about these similarities, test pieces were extended to approximately the same
work input in tension, shear, and compression. The degree of softening was
taken as the ratio of the energy input for the second cycle to the energy input
for the first cycle.

The results can be summarized as shown in Table I. Although it was difficult
to choose identical work inputs, it is evident that the degree of softening is
about the same in each case. To a first approximation, we can make the general

TABLE 1
Type of Energy input, Per cent
deformation MN /m? softening, %
Simple extension ‘ 13.8 16
Pure shear 13.8 17

Equibiaxial extension 15.9 14




STRAIN ENERGY FUNCTIONS OF RUBBER 2323

20

Oz o) 5 20

Fig. 5. Tear strength at A, = 2.4 for four values of A». Abscissa: extension ratio As; ordinate:
stress (MN/m?).

point that stress softening is qualitatively and quantitatively independent of the
type of deformation.

According to Mullins,! some softening oceurs in the direction perpendicular
to the direction of prestretch in a simple extension experiment. Figure 3 shows
the same effect in pure shear. Mullins thought that the softening was less in the
perpendicular direction than in the direction of prestretch. Thus, a test piece
which has been softened in tension or shear would no longer be isotropic.

Another way of demonstrating the residual anisotropy resulting if a test piece
is not uniformly softened is seen in the results of tear tests carried out on “delft”
tear test pieces cut perpendicular and parallel to the direction of prestretch.
This was investigated for test pieces which had been extended in simple exten-
sion, shéar, and compression and in a deformation intermediate to shear and
compression defined by Ay = A, A, = 1.7, A; = 1/1.7. The maximum values of
A1 in each experiment was A = 2.4.

In Figure 5, the tear strengths parallel and perpendicular to the direction of
largest prestretch are plotted as a function of the strain perpendicular to this
direction. A definite residual anisotropy is evident where the test piece has
been prestretched unequally in two directions.

The PHS Plot for Filled Vulcanizates

The purpose of stress softening is to achieve properties which will be unaltered
during further deformations. In the stress softening investigations described
here, changes in properties were confined to the first ten deformations. A bi-~
axial tensile test piece made from a filled vulcanizate, softened by ten equibiaxial
extensions in the two principal directions, became stable and isotropic in these
directions. The effect on properties in the third direction is not yet known al-
though the equibiaxial extension is equivalent to a uniaxial compression in the
third direction with the same energy of deformation. Therefore it may be that
the test piece has achieved three-dimensional stability. Experiments are being
considered to investigate this proposition.
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Fig. 6. PHS plot NR 4+ 40 HAF. Abscissa: extensionratio (A;), ordinate: o; — o3 (MN/m2).

Consideration has been given to softening a biaxial test piece in the way most
relevant to the intended use of the derived general stress—strain equation. To
obtain a PHS plot such as Figure 2, part I, for a filled vulcanizate, a procedure
was developed which incorporates the following conclusions:

a. The material must be softened to a stable state, otherwise successive
measurements are made on a material with changing properties.

b. The material will be softened by an unrealistically large amount by pre-
cycling to deformations larger than the experimental range. Therefore, pro-
gressive softening as testing proceeds from the low deformations upward is
suggested.

¢. Because of the low recovery rate of the filled materials, it is suggested that
between measurements, a recovery time which is large compared with the mea-
surement time is allowed.

d. Strain data should be remarked between successive measurements to com-
pensate for any permanent set effects.

e. Quasi-equilibrium stress—strain equations are being determined, and there-
fore a realistic relaxation time must be allowed at each measurement position.

f. Finally, if the test piece is extended to some deformation A, Ag, where
these are the principal extension ratios, and if the stresses ¢a,, os,, acting per-
pendicularly to each other, cause these deformations, then even with the pre-
cautions listed above, reversing the stress values (i.e., making os, = o3, and
op, = 0a,) will not exactly reverse the deformations. This is possibly because
of the sort of structuring effect suggested by Jansen.® To compensate for this,
a technique has been incorporated into the testing procedure whereby values are
reversed as described above and any differences are averaged.
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The testing procedure was used to obtain the PHS plot (¥ig. 6) for a filled
natural-rubber vulcanizate. The experimental data are tabulated in Appendix
I1. It has been found that by limiting the experimental extensions in the range
M = A = 1.0 = 2.0, the data obtained exhibit very little scatter, as shown.
With many filled polymers, tear strength prohibits testing at higher deforma-
tions; but in any case, the range chosen includes more severe deformations than
those which a filled vulcanizate is subjected to in practice. Moreover, when the
coefficients of a general stress—strain equation are found by .regression to these
data, the equation will often extrapolate to strains outside this experimental
range.

PHS plots were obtained according to the method described above for a range
of filled materials. The compounding details are given in Table II. The ma-~
terials were natural-rubber vulcanizates compounded with different levels of an
HAPF filler, giving test pieces with a range of stifinesses. The data obtained
were agnalyzed according to the Mooney equation, the third-order invariant -
approximation, and the third- and fourth-order deformation approximation. In
Table 111, the residual deviations of the data about each regression are shown.
In general, if the residual deviations for a particular material are compared,
better fits are obtained when higher-order terms are included. In Tables Al,
A2, A3, and A4 of Appendix I are the elastic constants (regression coefficients)
for the range of materials relevant to the four forms of strain energy approxima-
tion. These equations have been used to predict practical results such as the
simple extension stress—strain curve and the shape and pressure of inflated dia-
phragms. They were found to be accurate within the strain range covered by
the PHS plot, and the lower the residual deviation to this plot, the more accurate
the practical prediction.

Inflated Tube Profiles

In part I, it was shown that iterative techniques could be used to predict the
shape of a tube which was inflated to pressure P, the ends of the tube being free
to find their own position. The profiles of tubes made from the compound
(NR/50HAF) were measured experimentally. The shape taken up by the tubes
is sensitive to the addition of a reipforecing filler, and this experiment is therefore
a useful tool for ecomparing stress—strain equations of a filled rubber.

It was found that the stress—strain equations derived from the nine-constant
third-order invariant expansion of the strain energy function could only be nsed
to predict tube profiles if the greatest strains in the tube surface were less than
the greatest strains involved in the PHS plot. The five-constant and eight-

Y CM. v eMm.
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Fig. 7. Tube profiles at maximum circumferential strain A = 2.42:  (A) Third-order deforma-
tion approximation—experimental profile; (B) fourth-order deformation approximation—theo-
retical profile.
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constant third- and fourth-order deformation expansions, however, predicted
tube profiles outside this range, and in Figure 7, these predictions for a maximum
circumferential strain of A = 2.42 are compared with experimental results. The
agreement is seen to be excellent.

The Calculation of Young’s Modulus

Sets of constants have been given which each relate to the elastic nature of a
particular vulcanizate. However, the compounder or technologist may justifi-
ably point out that these are merely regression coefficients and request some means
of relating them to quantities which are within his experience and which will
enable him to identify the compound type. Consideration of the following

points may be helpful.
The general stress—strain equation is of the form
ow ow
a — o2 = 2(M% — \?) —a‘i; + A O—Ig

for simple extension; and with some approximation of the strain energy function,
this becomes

f=20— 1/)\2)|(C10 + Cu(lz — 3) + 2Cy(lLy — 3) -~~~ +
1/M(Cy + Cu(ly — 3) + 20z — 3) ——-)|... (5)

where f is the stress referred to the original cross section.
Young’s modulus E is defined as

af
dx
If eq. (5) is differentiated with respect to A, and X tends to unity, we find
daf
dA

B-

A—1

= E = 6010 + 6001.

A1

Terms involving constants other than Cy, and Cy disappear. Thus, for any
system of logical approximation of the strain energy function, Young’s modulus
E will be given by 6 times the sum of the constants Cyoand Co,. »

For the materials discussed in this paper and for the different types of approxi-
mation, 6(Cio + Cx) has been calculated. The results are tabulated in Table
IV. In parentheses next to the name of the vulcanizate, values of E; as mea-
sured on a Dynamic Response Apparatus® at 209, strain and 1.5 Hz are also
included. It may be observed that the values of E calculated from 6(Cy + Cu1)

TABLE IV
6(010 + Col) Values, I\AN'/IH2
Material Mooney 5-Term 8 Term 9-Term
NR Gum (1.90) 1.32 1.41 1.50 1.33
NR + 40 (4.42) 3.03 3.07 3.20 3.13
NR + 50 (5.08) 4.13 4.28 4.30 4.33
NR + 60 (6.16) 6.49 6.56 6.29 6.27

NR 4 60 (7.72) 9.37 6.47 9.20 8.16
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are in good agreement for each type of approximation, except perhaps at the
highest filler loading. Also, they are similar to those measured dynamically, -
although some variation would be expected owing to the effects of frequency
and the more severe softening of the biaxial test pieces.

CONCLUSIONS

An experimental method has been developed to determine the values of the
coefficients in any general stress—strain equation which can be arranged in a form
suitable for multiple linear regression. It has been shown that with certain
precautions, the technique can be applied to practical filled vulcanizates, and
any deviation of these materials from the assumption of incompressibility has no
significant effect on the pure homogeneous strain diagram upon which the experi-
ment is based. A better representation of these quasi-equilibrium data is ob-
tained where higher-order terms of the expansion of

W= 3 Culli = 30, — 3)
Y=

are included. A third-order deformation approximation of the strain energy
function can be used to derive general relationships between stress and strain,
which are independent of the material under consideration, are accurate enough
for most practical engineering design purposes, and take the form

oW kY4
o, — o; =202 — NP —le + )\k2b—I2‘
where
oW
Fo o Cro + 2C5(Iy — 3) + 3Cs(I, — 3)? + Cu(, — 3)
1
and
oW
3= Co + Cu(, — 3).
2

They, therefore, contain five of the coefficients C,; which are constant for a par-
ticular material but will presumably be dependent upon temperature. Almost
without exception, a sign convention was observed whereby Ci, Co, and Cy
were found to be positive and Cy; and Cy negative.

Appendix I
TABLE A1l
Mooney constants, MN/m?

Material Cp X 107! Cn X 102
NR Gum 2.12 0.79
NR 4 40 4.73 3.22
NR + 50 6.20 6.91
NR + 60 9.21 16.04

NR + 70 13.10 25.19
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Appendix 11
PHS Plot Experimental Data—Natural Rubber + 40 HAF
(See Fig. 6)
Engineering Engineering
Extension Extension stress stress
ratio Mt ratio Az F/A,, MN/m? F2/Aq, MN/m?
1.2 1.0 0.633 0.299
1.2 1.1 0.720 , 0.580
1.2 1.2 0.787 0.773
1.4 1.0 0.985 : 0.541
1.4 1.1 1.043 0.720
1.4 1.2 1.092 0.884
1.4 1.3 1.154 1.019
1.4 1.4 1.179 1.183
1.6 1.0 1.241 0.628
1.6 1.1 1.290 0.773
1.6 1.2 1.333 0.879
1.6 1.3 1.362 1.034
1.6 1.4 1.390 1.146
1.6 1.5 1.402 1.300
1.6 1.6 1.468 1.502
1.8 1.0 1.401 0.618
1.8 1.1 1.439 0.773
1.8 1.2 1.459 0.865
1.8 1.3 1.483 1.005
1.8 1.4 1.521 1.106
1.8 1.5 1.536 1.246
1.8 1.6 1.613 1.362
1.8 1.7 1.671 1.575
1.8 1.8 1.777 1.792
2.0 1.0 1.695 0.671
2.0 1.1 1.710 0.680
2.0 1.2 1.719 0.913
2.0 1.3 1.753 1.029
2.0 1.4 1.811 1.154
2.0 1.5 1.816 1.217
2.0 1.6 1.835 1.372
2.0 1.7 1.898 1.502
2.0 1.8 2.029 1.710
2.0 1.9 2.116 2.009
2.0 2.0 2.309 2.227

The authors wish to thank P. 8. Oubridge and G. D. Hubbard for helpful criticism and discus-
sion, and the Dunlop Co. for permission to publish this paper.
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